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We derive an analytical description for quantum state preparation using systems of on-off de-
tectors. Our method will apply the true click statistics of such detector systems. In particular,
we consider heralded quantum state preparation using correlated light fields, photon addition, and
photon subtraction processes. Using a post-selection procedure to a particular number of clicks of
the detector system, the output states reveal a variety of quantum features. The rigorous descrip-
tion allows the identification and characterization of fundamentally unavoidable attenuations within
given processes. We also generalize a known scenario of noiseless amplification with click detectors
for the purpose of the preparation of various types of nonclassical states of light. Our exact results
are useful for a choice of experimental parameters to realize a target state.
PACS numbers: 42.50.-p, 42.50.Dv
I. INTRODUCTION
The measurement and generation of photons is one
of most challenging tasks in nowadays quantum optics.
Since the photon can be considered as the carrier of infor-
mation, it plays a fundamental role in quantum informa-
tion and quantum communications [1]. The generation of
single photons is typically described by conditional mea-
surements of quantum correlated light fields with single
photon detectors [2–9]. The sophisticated task is to find
a proper device that can detect – at least in a good ap-
proximation – single photons. Among other approaches,
e.g., [10–13], an avalanche photo diode in Geiger mode is
an experimentally accessible device, being close to a sin-
gle photon counter [14, 15]. However, this detector not
only produces a click signal in the case of a single inci-
dent photon, but also when multiple photons have been
absorbed.
A possible way to partially overcome this ambiguity is
given by a joint measurement of a signal with multiple
click detectors. One implementation is given by so-called
multiplexing detection schemes, see, e.g., [16–19], and
another one employs detector arrays, see, e.g., [20–22].
In both scenarios, the incident light is split equally into
N modes, and each mode can be measured with one of
those on-off diodes. The probability ck for a total num-
ber of k clicks is described through the click counting
distribution [23],
ck =
〈
:
(
N
k
)(
e−
ηnˆ
N
)N−k (
1ˆ− e− ηnˆN
)k
:
〉
, (1)
with k = 0, . . . , N denoting the number of clicks, N being
the number of on-off detectors, η the quantum efficiency,
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and : : denotes the normal ordering prescription. Based
on the variance of these statistics, it is possible to identify
in theory and experiment nonclassical, i.e. sub-binomial,
light [24, 25].
A source of correlated photon pairs together with the
considered class of detectors can be used, for example,
to identify spatial correlations [26–28] or to perform a
detector calibration [29, 30]. Moreover, these states al-
low one to predict the presence of a photon in one mode,
if a photon is detected in the other one. For the first
time, this so-called heralded generation of single photons
has been experimentally realized in Ref. [2]. Recent de-
velopments led to a further enhancement of this kind of
single-photon source [3–9]. Other protocols to manipu-
late quantum states in theory and experiment in the sin-
gle photon regime are known as photon addition and pho-
ton subtraction [31–39]. These engineering protocols can
be also used to add or subtract several photons [40, 41]
or to probe experimentally fundamental commutation re-
lations [42]. Another prominent example for controlled
state manipulation is noiseless amplification [43–47]. All
these engineering processes are able to enhance quan-
tum properties, such as entanglement, for applications in
quantum information science, see, e.g., [48–58].
In the present contribution, we study the quantum
state engineering for conditional measurements with on-
off detector systems. We will consider three schemes.
First, the conditional measurement in one mode of a
quantum correlated bipartite states. Second, a multi-
photon subtraction protocol, and, third, a multiple pho-
ton addition process. In all scenarios, we consider imper-
fect detectors for a realistic description of the underlying
physical situation. As an example, we study a noiseless
amplification scenario and apply it to the conversion of
coherent light into different types of nonclassical states.
The paper is structured as follows. In Sec. II, we
consider the heralded quantum state manipulation by
measurements with on-off detector systems. In Secs. III
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2and IV, we describe the multi-photon subtraction and
addition processes, respectively, applying the same detec-
tion process. A combination of addition and subtraction
yields the noiseless amplification procedure, which is ap-
plied in Sec. V to the engineering of nonclassical states.
We conclude in Sec. VI.
II. HERALDED STATE PREPARATION WITH
CLICK DETECTOR SYSTEMS
Let us start with the heralding scheme, see Fig. 1. A
quantum correlated light field may be generated by a
parametric process in order to certify a photon-photon
correlation between two modes: A and B. In this sce-
nario, one part of the radiation field (mode B) is mea-
sured with a click detector system. In such a detector
the incident light beam is split into N output states with
equal intensities. Each of the resulting beams is mea-
sured with a single avalanche photo diode. The joint
number of clicks k yields the click counting statistics ck
in Eq. (1), for k = 0, . . . , N . The remaining part of the
field (mode A) is further processed, solely if k clicks have
been measured in mode B.
FIG. 1: (Color online) A source S generates quantum cor-
related light. One beam is measured with a click detector
system D. The other beam will be further processed only in
case of a k click event of the detector.
Before we start, let us briefly review some properties of
a click counter as a photon number resolving device. The
click counting statistics in Eq. (1) is the quantum ana-
log to the binomial statistics. Whereas the true photon
statistics of a quantum state ρˆ is given by
pk = 〈k|ρˆ|k〉 =
〈
:
nˆk
k!
e−nˆ:
〉
, (2)
for k = 0, 1, 2, . . . – resembling a Poissonian form [59, 60].
In previous works, we have shown that the binomial
form requires a reformulation of nonclassicality condi-
tions [24, 28]. Moments of the click counting statistics
can be used to identify quantum correlations – even be-
tween multiple detector systems. Moreover, an extension
to general photon absorption processes led to the descrip-
tion of on-off diodes working in a non-linear interaction
regime, e.g., two-photon absorption. Similarly, it allows
the description of noise models, e.g., dark counts. It is
worth mentioning that the click counting statistics ap-
proaches the photoelectric counting theory in the limit
of an infinite number of avalanche diodes, N →∞.
Since we aim to describe protocols for quantum state
engineering, it is important to describe the click counting
statistics in terms of a positive operator valued measure
(POVM). In general, the POVM element, with ck = 〈Πˆk〉
for 0 ≤ η ≤ 1, can be written as
Πˆk =:
(
N
k
)(
e−
ηnˆ
N
)N−k (
1ˆ− e− ηnˆN
)k
:
=
(
N
k
) k∑
j=1
(
k
j
)
(−1)k−j :e−η(1− jN )nˆ: . (3)
Hence, all POVM elements can be written as a linear
combination of the operator
Mˆ(λ) = :e−λnˆ: =
∞∑
m=0
(1− λ)m|m〉〈m|, (4)
for different values of λ. Using the D-symbol, cf. Ap-
pendix A, we get
Πˆk =
∞∑
m=0
D1−η,ηk,m |m〉〈m|. (5)
In the following, we are going to use this representation
for conditional measurements. A general, bipartite input
state ρˆin is given in Fock basis expansion as
ρˆin =
∞∑
p,q,r,s=0
ρp,q,r,s|p〉〈q| ⊗ |r〉〈s|. (6)
Using the POVM element Πˆk for k clicks, we find
ρˆk,out =trB
(
ρˆin
[
1ˆ⊗ Πˆk
])
=
∞∑
p,q=0
[ ∞∑
m=k
D1−η,ηk,m ρp,q,m,m
]
|p〉〈q|. (7)
This result already represents the output state – trig-
gered to k clicks – of the scheme in Fig. 1 for N diodes,
including the quantum efficiency η.
As an example let us consider a two-mode squeezed-
vacuum state undergoing a full phase diffusion,
ρˆin = (1− ω)
∞∑
n=0
ωn|n, n〉〈n, n|, (8)
with 0 < ω < 1. Interestingly, although this state is
considered to be classically correlated with respect to a
number of notions of quantumness, it has been shown to
be two-mode quantum correlated [61]. In Fig. 2, we show
the photon statistics pn of the heralded output states
3in Eq. (7), depending on the number of clicks k of the
detector,
pn =〈n|ρˆk,out|n〉 = (1− ω)ωnD1−η,ηk,n . (9)
The aim to generate a k-photon state by a post-selection
is properly approximated even with a finite quantum ef-
ficiency, η < 1. Note that the photon distribution is
normalized to one for each number of clicks k. The con-
tribution of higher photon numbers is not negligible for
larger values of k, however it can be reduced by increasing
the number of diodes. In the limit, N → ∞ and η → 1,
the output state would be a perfect k-photon state, cf.
Appendix B.
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FIG. 2: (Color online) The output photon distributions pn
is shown for the photon-photon correlated input in Eq. (8)
(ω = 0.25) triggered to k clicks. For a small number of clicks,
k  N = 64, and a high quantum efficiency, η = 0.95, the
heralding yields a good estimate to a k-photon state.
III. MULTI-PHOTON SUBTRACTION
The idea of a single-photon subtraction is the imple-
mentation of the operation:
ρˆin 7→ ρˆout = aˆρˆinaˆ
†
tr [aˆρˆinaˆ†]
. (10)
Such an operation is a classical one, cf., e.g., [62]. Apply-
ing this operation k times would yield a k-photon sub-
traction. We aim to formulate this operation within a
single detection process with detector systems of multi-
ple on-off diodes. For this reason, we study the scenario
in Fig. 3. A light beam enters one input of a beam split-
ter – vacuum is supposed at the other input port. The
transmissivity and reflectivity of the beam splitter are t
and r, respectively, with t2 + r2 = 1. Note that, without
loss of generality, t and r can be chosen to be positive
real numbers. An on-off detector system is applied to
measure one of the outputs (mode B). We post-select
those output states in mode A, which corresponds to k
clicks of the detector.
FIG. 3: (Color online) An incident light beam is split on
a beam splitter into two outgoing beams. One of them is
detected with an on-off detector system. Only states that
correspond to k clicks of the detector will be further processed.
Let us start with a coherent input field |α〉. The beam
splitter transforms the input field as
aˆ 7→ raˆ+ tbˆ, (11)
which yields an output of
|α, 0〉 7→ |φ〉 = |tα, rα〉. (12)
We perform a partial trace with Mˆ(λ), cf. Eq. (4), in the
second mode. Hence, we get a resulting state as
trB
(
|φ〉〈φ|
[
1ˆ⊗ :e−λbˆ†bˆ:
])
= e−λr
2|α|2 |tα〉〈tα|
=
∞∑
m=0
1
m!
(
−λr
2
t2
)m
aˆm|tα〉〈tα|aˆ†m. (13)
Let us note that the scaling t of the coherent amplitude
α can be understood as a loss process.
A general input state ρˆin may be given in the Glauber-
Sudarshan representation [63, 64] as
ρˆin =
∫
d2αP (α) |α〉〈α|, (14)
then a loss operation Λ
(loss)
t can be written as
Λ
(loss)
t (ρˆin) =
∫
d2αP
(loss)
t (α) |α〉〈α|, (15)
with the scaled P function:
P
(loss)
t (α) =
1
t2
P
(α
t
)
. (16)
Using the decomposition in Eq. (3) together with
Eq. (13), we get for the conditional measurement of k
4clicks, Πˆk, the output state:
ρˆk,out =
∞∑
m=0
1
m!
(N
k
) k∑
j=0
(
k
j
)
(−1)k−j
×
(
−η
[
1− j
N
]
r2
t2
)m]
aˆmΛ
(loss)
t (ρˆin)aˆ
†m
=
∞∑
m=k
1
m!
D−η′,η′k,m aˆmΛ(loss)t (ρˆin)aˆ†m, (17)
with an effective efficiency of
η′ = η
r2
t2
, (18)
where we used the property of the D-symbol that it van-
ishes, D−η′,η′k,m = 0, for m < k, cf. Appendix A. The
process in Eq. (17), ρˆin 7→ ρˆk,out, describes the k click
conditioned measurement protocol in Fig. 3. The output
state, ρˆk,out, is normalized to the probability tr ρˆk,out to
have k clicks.
Let us note that the process in Eq. (17) not only sub-
tracts k photons. It also includes higher numbers of sub-
tractions. Moreover, the output state undergoes a loss
process Λ
(loss)
t . This feature is a consequence of the pro-
cess itself and not a result of the imperfect detector, since
it is independent of the quantum efficiency η.
In Fig. 4, we study this quantum process for a thermal
input field,
ρˆin =
∫
d2α
e−|α|
2/n¯
pin¯
|α〉〈α|, (19)
with a mean photon number n¯. Applying the loss pro-
cess Λ
(loss)
t is equivalent to a scaling of the mean photon
number: n¯0 = t
2n¯. The output P function triggered to
a k click event is
Pout(α) =
(
N
k
)(
e−η
′|α|2/N
)N−k
×
(
1− e−η′|α|2/N
)k e−|α|2/n¯0
pin¯0
, (20)
cf. Appendix C, where we additionally give analyti-
cal expressions for displaced thermal states. The plots
of Pout in Fig. 4 are additionally normalized to one,∫
d2αPout(α) = 1. The number of individual click diodes,
N = 16, corresponds to a 4×4 array detector or to a mul-
tiplexing detector with a depth d = 4, N = 2d, with a
quantum efficiency of 80%. Since the considered process
is a classical one, the Gaussian input state is deformed
into another classical (non-negative) output distribution.
IV. MULTI-PHOTON ADDITION
So far, we adapted the photon-subtraction protocol for
measurements with on-off detector systems. Another fre-
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FIG. 4: (Color online) The figures show the output P func-
tion of a k-click subtraction process for N = 16 on-off diodes
with a quantum efficiency η = 0.8. The transmission is
t = 0.7, the mean thermal photon number of the input state
is n¯ = 0.5.
quently studied operation is a single-photon addition:
ρˆin 7→ ρˆout = aˆ
†ρˆinaˆ
tr [aˆ†ρˆinaˆ]
. (21)
The photon addition is known to be a nonclassical process
and, hence, can be used to generate nonclassical output
states from classical inputs, cf., e.g., [39]. Now, let us
study this operation for click counting devices.
In Fig. 5, a scenario for multi-photon addition is out-
lined. An incoming signal is combined with an externally
pumped parametric process, which generates two output
beams. In particular, blocking the signal, a pump photon
will generate two output photons propagating in differ-
ent directions. If one of the photons is measured with
an on-off detector system in this case, the corresponding
twin photon is propagating in the other spatial mode. In
the general case of Fig. 5, the signal field undergoes a
parametric amplification process and we post-select the
output states to k clicks of the detector.
First, we consider a coherent input field |α〉 and the
operator Mˆ(λ) only. After the treatment of this spe-
cial case, we generalize our result to arbitrary states and
click POVM elements. The considered mixing process is
described by the squeezing transformation [59, 60]
Sˆ = eξaˆ
†bˆ†−ξaˆbˆ, (22)
where we can assume that ξ is a real and positive number.
The input fields are transformed as
SˆaˆSˆ† =µaˆ− νbˆ† and SˆbˆSˆ† = µbˆ− νaˆ†,
Sˆ|0, 0〉 = 1
µ
∞∑
m=0
(
ν
µ
)m
|m,m〉 = 1
µ
e
ν
µ aˆ
†bˆ† |0, 0〉, (23)
5FIG. 5: (Color online) A non-linear crystal (NL) is pumped
by a pump beam (dashed line). An incident signal field and
vacuum are mixed in this non-linear medium. One of the gen-
erated output beams is measured with a click detector system.
The other output is triggered to k clicks of the detector.
with µ = cosh ξ, ν = sinh ξ, and µ2 − ν2 = 1. The
coherent input state may be written as
|α, 0〉 = Dˆ(α)|0, 0〉 = e− |α|
2
2 eαaˆ
† |0, 0〉. (24)
This yields an output state in the form:
|α, 0〉 7→ |ψ〉 = e
− |α|22
µ
eα[µaˆ
†−νbˆ]e
ν
µ aˆ
†bˆ† |0, 0〉. (25)
Here it is useful to apply the well-known Baker-
Campbell-Hausdorff formula: exˆeyˆ = e[xˆ,yˆ]eyˆexˆ, which
is valid if [[xˆ, yˆ], xˆ] = 0 and [[xˆ, yˆ], yˆ] = 0. Hence, for the
choice xˆ = −ναbˆ, yˆ = νµ aˆ†bˆ†, and [xˆ, yˆ] = −ν
2
µ αaˆ
†, the
output state can be written as
|ψ〉 =e
− |α|22
µ
eαµaˆ
†− ν2µ αaˆ†e
ν
µ aˆ
†bˆ†e−ναbˆ|0, 0〉
=
e−
|α|2
2
µ
e
1
µαaˆ
†
∞∑
m=0
(
ν
µ
)m
|m,m〉. (26)
Now, we perform a partial trace of the second mode with
Mˆ(λ), cf. Eq. (4). The resulting output can be computed
as
trB
(
|ψ〉〈ψ|
[
1ˆ⊗ :e−λbˆ†bˆ:
])
=
e−|α|
2
µ2
e
1
µαaˆ
†
[ ∞∑
m=0
(
(1− λ)ν
2
µ2
)
|m〉〈m|
]
e
1
µα
∗aˆ
=
e−|α|
2
µ2
e
1
µαaˆ
†
:e
[
(1−λ) ν2
µ2
−1
]
aˆ†aˆ
:e
1
µα
∗aˆ
=
1
µ2
:e
− 1
µ2
(aˆ−µα)†(aˆ−µα)
e
−λ ν2
µ2
aˆ†aˆ
: (27)
=
∞∑
m=0
1
m!
(
−λν
2
µ2
)m
aˆ†m:
1
µ2
e
− 1
µ2
(aˆ−µα)†(aˆ−µα)
:aˆm.
For further considerations, it is useful to have a closer
look at the normally ordered term. It turns out that this
expression represents a displaced thermal state
Λ(noise)µ (|α〉〈α|) = :
1
µ2
e
− 1
µ2
(aˆ−µα)†(aˆ−µα)
:
=Dˆ(µα)
[
1
µ2
∞∑
n=0
(
µ2 − 1
µ2
)n
|n〉〈n|
]
Dˆ(µα)†
=
∫
d2α′
1
pi(µ2 − 1)e
− |α′−µα|2
µ2−1 |α′〉〈α′|. (28)
Hence, the P function of a general input state has to be
convoluted with this noise prior to the addition process
itself,
P (noise)µ (α
′) =
∫
d2α
e
− |α′−µα|2
µ2−1
pi(µ2 − 1) P (α). (29)
Is is also worth mentioning that the coherent amplitude
of the input state is amplified by the factor µ.
For the particular measurement of Πˆk in the form of
Eq. (3), we get the output state as
ρˆk,out =
∞∑
m=0
1
m!
(N
k
) k∑
j=1
(
k
j
)
(−1)k−j
×
(
−
[
η − η j
N
]
ν2
µ2
)m]
aˆ†mΛ(noise)µ (ρˆin)aˆ
m
=
∞∑
m=k
1
m!
D−η′,η′k,m aˆ†mΛ(noise)µ (ρˆin)aˆm, (30)
with a resulting efficiency of
η′ = η
ν2
µ2
. (31)
The general input-output relation in Eq. (30) is the quan-
tum description of the process in Fig. 5. Again, the out-
put state is normalized to the probability tr ρˆk,out to have
k clicks at the detector system. The attenuation given
by Λ
(noise)
µ is due to a mixing of the input field with vac-
uum in the non-linear medium, and not the result of de-
tector imperfections. Let us also mention the similarity
to the subtraction process. The input-output relations
in Eqs. (17) and (30) share the same formal structure,
except for an exchange of annihilation and creation op-
erators as well as an exchange of a loss process with an
amplification introducing thermal noise. Moreover, even
the no-click count event can be of some interest, cf. [65].
For k = 0 the process in Eq. (30) maps a coherent input
– up to a normalization constant – to a displaced ther-
mal state, see Appendix C. From the variance σ2 of the
thermalized output P function, one can directly compute
the squeezing parameter ξ,
σ2 =
ν2(1− η)
1 + ην2
and ν = sinh ξ. (32)
6As an example for the addition protocol under study,
we will show the output for the thermal input state in
Eq. (19). The noise convolution yields – as a convolution
of two Gaussian functions – an effective noise contribu-
tion of n¯0 = µ
2(n¯+ 1)− 1. The k click conditioned state
in Eq. (30) may be written in normally ordered form as
ρˆout =:
(
N
k
)(
e−η
′nˆ/N
)N−k
×
(
1ˆ− e−η′nˆ/N
)k e−nˆ/(n¯0+1)
n¯0 + 1
:, (33)
see also Eq. (27) or Appendix C, where the more general
example of a displaced thermal state is presented. The
P function can be easily extracted from an expansion of
the kth power and the relation (λ > 0):
:
e−
1
λ+1 aˆ
†aˆ
λ+ 1
: =
∫
d2α
e−
1
λ |α|2
piλ
|α〉〈α|. (34)
For different numbers of clicks, k, we observe different
numbers of oscillations within the output P function
between negative and positive values (Fig. 6). Hence,
we directly verify the nonclassical features of the con-
sidered process. The quantum correlated output states
introduce a new class of nonclassical states with a regu-
lar P function. Similar to the prominent single-/multi-
photon added thermal states [31, 34], these states may
be denoted as k-click conditioned thermal states.
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FIG. 6: (Color online) The plots show the P function of a
k-click conditioned thermal state generated by a click count-
ing detector with N = 16 on-off diodes and a quantum ef-
ficiency η = 0.8. The considered squeezing corresponds to
µ = cosh ξ = 1.4. The mean thermal photon number of the
input state is n¯ = 0.5.
V. BEYOND NOISELESS AMPLIFICATION
So far, we studied processes conditioned to a measure-
ment of k clicks with systems of avalanche diodes. Now,
we can study a manifold of combinations of these indi-
vidual procedures. A prominent example is an operation
which applies one addition followed by a subtraction:
ρˆin 7→ aˆaˆ
†ρˆinaˆaˆ†
tr [aˆaˆ†ρˆinaˆaˆ†]
. (35)
It represents a noiseless amplification protocol as it has
been experimentally realized in Ref. [46]. In the limit of
small coherent amplitudes, |β|  1, this process acts like
|β〉 ≈ |0〉+ β|1〉 7→ |0〉+ 2β|1〉 ≈ |2β〉, (36)
i.e., we have a gain of two in the coherent amplitude
without the addition of noise. For a recent study on
quantum limits of amplification protocols, we refer to
Ref. [66].
Let us consider the generalization of this process to a
combination of a k1-photon addition followed by a k2-
photon subtraction. Applying click counting detectors
means that the scheme in Fig. 5 is combined with the
setup in Fig. 3. This leads to the process depicted in
Fig. 7. We are going to study the output states which
correspond to k1 clicks of the first and k2 clicks of the
second detector.
FIG. 7: (Color online) A combination of an initial addition
followed by the subtraction of photons with click counting
detectors is shown. The first detector D1 consists of N1 diodes
with a quantum efficiency of η1. The second detector D2
consists of N2 diodes with a quantum efficiency of η2. The
final outcome is conditioned to k1 clicks of the first and k2
clicks of the second detector.
Let us study the scenario of quantum state engineering
based on the full process description, as a generalization
of the noiseless amplification process. In Secs. IV and III,
we gave the corresponding input-output equations of the
individual processes. Hence, we obtain after some algebra
that a coherent input state |β〉 is mapped to the output
P function:
P(k1,k2),out(α;β) (37)
=
k1∑
j1=0
k2∑
j2=0
fj1,j2
pi
e−λ2;j1,j2 |α|
2+2λ1;j1,j2Re(αβ
∗)−λ0;j1,j2 |β|2 .
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FIG. 8: (Color online) Contour plot of the output P function for a coherent input state with β = 1/
√
2. Both detectors
consist of the same number of diodes N1 = N2 = 4 with identical quantum efficiencies of only η1 = η2 = 0.5. The parametric
process is described by µ = 3/2 and for the beam splitter holds t = 2/3. The number of the row is equal to the number of
additive clicks, k1 = 1, 2, 3, 4, whereas the column counts the subtractions, k2 = 0, 1, 2, 3. A dark orange color represents a
highly negative contribution, whereas gray depicts positive parts of the P function.
which is normalized to the probability that k1 addition
and k2 absorption processes have been realized simulta-
neously. The occurring coefficients are
fj1,j2=
(
N1
k1
)(
N2
k2
)(
k1
j1
)(
k2
j2
)
(−1)k1−j1+k2−j2
t2ν2(1− η1[1−j1/N1]) ,
λ2;j1,j2=
1 + η1ν
2[1−j1/N1]
t2ν2(1− η1[1−j1/N1]) +
η2r
2[1−j2/N2]
t2
,
λ1;j1,j2=
µ
tν2(1− η1[1−j1/N1]) ,
λ0;j1,j2=1 +
1
ν2(1− η1[1−j1/N1]) . (38)
We therefore get for a general input state, Pin(β), the
output state as
ρˆ(k1,k2),out =
∫
d2α
[∫
d2β Pin(β)
× P(k1,k2),out(α;β)
]
|α〉〈α|. (39)
Note that some terms in Eq. (37) can lead to δ-shaped
contributions, if the denominator of the coefficients be-
come zero. However, this only occurs in the unphysical
case η1 → 100% (for ν, t 6= 0).
In Fig. 8, the output P function for a coherent input
state is given. The first row corresponds to k1 = 1 click
8TABLE I: Probability for the realization of a (k1, k2) condi-
tioned output state. The rows are numbered by the addition
clicks, k1, and the columns by the subtraction clicks, k2. The
measurement is done for the same parameters as in Fig. 8.
tr ρˆ(k1,k2),out 0 1 2 3 4
0 16.80% 8.83% 2.47% 0.39% 0.03%
1 8.46% 12.38% 6.85% 1.88% 0.22%
2 3.17% 8.24% 7.90% 3.54% 0.65%
3 0.81% 3.32% 4.99% 3.48% 0.99%
4 0.11% 0.67% 1.52% 1.60% 0.70%
and the last row to k1 = 4 clicks of the click addition
part. The first column represents k2 = 0 clicks and the
last column k2 = 3 clicks of the subtraction. It can be
directly observed that all these engineered phase-space
distributions exhibit nonclassical features (orange, nega-
tive contributions). The higher the number of clicks k1
the more negative interference fringes appear. In contrast
to the nonclassical click addition, the subtraction dimin-
ishes these quantum features together with a deformation
of the positive (gray) contributions. The given examples
clearly show that the considered setup renders it possible
to prepare various nonclassical states with different types
of quantum interference effects. The probabilities for the
realization of the individual click combinations are listed
in Table I.
Our general theoretical treatment enables experimen-
talists to predict and generate various nonclassical states
in arbitrary ranges of parameters. As shown, the same
experimental setup can lead to many different forms of
nonclassical correlations even with asymmetric phase-
space distributions. For an easily accessible, coherent
input state the process led to quantum states with a reg-
ular P function, contrary to the idealized noiseless am-
plification process in Eq. (35). This allows a direct sam-
pling of the P function from experimental data which
have been measured, for example, by balanced homo-
dyne detection, cf. [34]. Let us also note that the plots in
Fig. 8 have been obtained for a quantum efficiency of only
50%. In the case of the photoelectric counting theory, the
low efficiency domain can be used for the realization of
quantum-mechanical weak values of observables [67].
Finally, let us outline possible generalizations of the
presented schemes. First, various combinations of herald-
ing, addition, and subtraction scenarios with click count-
ing detectors could be combined. Second, one can condi-
tion the output not to single click events, but to multiple
ones. The resulting state is a mixing of the individual
output states for different numbers of clicks. Similarly,
one can withdraw only a certain percentage of states
which are realized. This would allow one to steer the
mixing ratio between different numbers of clicks. Third,
at one input port of the addition and subtraction proto-
cols vacuum was considered. A straight-forward exten-
sion of the presented approach could use this free port,
e.g., for ancilla states as they are applied in some amplifi-
cation scenarios. Fourth, additional features may appear
when generalized detection processes are involved, e.g.,
two-photon absorption within the diodes, cf. [28]. Simi-
larly, arbitrary noise models may be included at any stage
of the protocol description. Moreover, a propagation in
non-linear media, e.g., in fibers, or higher order wave
mixing may further enhance the applicability of click de-
tector systems for quantum state engineering.
VI. CONCLUSIONS
In conclusion, we have derived analytical input-output
relations for the application of on-off detector systems in
quantum state engineering. This includes the use of a
single avalanche photo diode up to any number of diodes
in detector arrays or multiplexing schemes. Based on
the click counting statistics of such detector systems, we
could derive a proper description of several protocols and
arbitrary input states. First, we considered the heralded
photon generation describing the fundamentals of our ap-
proach, e.g., the positive operator valued measure for
click counting. Second, we studied two prominent pro-
cesses: photon addition and photon subtraction. The
click triggered outcome of these processes have been de-
rived for arbitrary input states in terms of input-output
relations.
As explicit examples, we studied displaced thermal
states serving as an input. This led to another class of
click-conditioned displaced thermal states. As a combi-
nation of addition and subtraction, we considered a noise-
less amplification protocol. We showed for this example a
manifold of new quantum states having nonclassical fea-
tures which can be directly generated by a post-selection
to particular click numbers. Additionally, we computed
the probabilities for the occurrence of the desired output
states of these non-deterministic processes. Throughout
the present work, we consistently included the quantum
efficiency of the detection process. The occurring effi-
ciencies of the diodes have been studied in high and low
efficiency regimes. The approach also revealed unavoid-
able attenuation of the process which has to be taken
into account. Our results present a useful scheme for
the choice of experimental conditions in order to real-
ize tailor-made nonclassical states with systems of on-off
detectors.
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9Appendix A: D-symbol
The symbol Dτ,σk,m is defined as
Dτ,σk,m =
(
N
k
)
lim
x→0
∂mx
[
eτx
(
e
σ
N x − 1)k] .
Expanding the kth power, we get the representation:
Dτ,σk,m =
(
N
k
) k∑
j=0
(
k
j
)
(−1)k−j lim
x→0
∂mx e
(τ+ σN j)x
=
(
N
k
) k∑
j=0
(
k
j
)
(−1)k−j
(
τ +
σ
N
j
)m
.
From the computational point of view, a recursion rela-
tion is a practicable tool. The initial values can be readily
obtained as
Dτ,σ0,0 =1,
Dτ,σk,0 =0 for k > 0,
and Dτ,σ0,m =τm for m > 0.
The recursion relation is derived as
Dτ,σk,m =
(
N
k
)
lim
x→0
∂m−1x
[
eτx
(
e
σ
N x − 1)k τ
+eτx
(
e
σ
N x − 1)k−1 k (e σN x − 1 + 1) σ
N
]
=
[
τ + σ
k
N
]
Dτ,σk,m−1 + σ
N − k + 1
N
Dτ,σk−1,m−1.
Note that this relation and the initial values imply that
Dτ,σk,m = 0 for k > m.
Using the definition
(
N
k
)
= 0 for k > N , we additionally
get Dτ,σk,m = 0 for k > N . Moreover, the recursion yields
the diagonal elements as
Dτ,σk,k = σ
N − k + 1
N
Dτ,σk−1,k−1 = . . . =
σk
Nk
N !
(N − k)! .
Appendix B: Error estimation
We are going to derive an upper bound to the error
one would obtain if a Poissonian measurement is applied
instead of the binomial one. The standard photoelectric
counting theory is based on the POVM elements
Pˆk =:
(ηnˆ)k
k!
e−ηnˆ: =
ηk
k!
:nˆke(1−η)nˆe−nˆ:
=
∞∑
m=k
(
m
k
)
ηk(1− η)m−k|m〉〈m|,
for k = 0, 1, 2, . . . and the quantum efficiency η. The
deviation between the expectation value tr(ρˆΠˆk) for k
clicks, cf. Eq. (5), and tr(ρˆPˆk) is
|tr(ρˆ[Pˆk − Πˆk])| ≤ ‖ρˆ‖tr‖Pˆk − Πˆk‖Op,
where we applied Ho¨lder’s inequality. Since the trace
norm is ‖ρˆ‖tr = 1, we get an upper bound of the deviation
by the operator norm ‖Pˆk − Πˆk‖Op. This norm can be
calculated by
‖Pˆk − Πˆk‖Op = sup
m≥k
∣∣∣∣(mk
)
ηk(1− η)m−k −D1−η,ηk,m
∣∣∣∣ ,
because both, Pˆk and Πˆk, are diagonal in a common ba-
sis. Note that Πˆk → Pˆk for N →∞, see [23] for the corre-
sponding statistics, which implies that ‖Pˆk−Πˆk‖Op → 0.
For η → 1, we would additionally get the k-photon pro-
jector: Pˆk → |k〉〈k|.
Appendix C: Click conditioned displaced thermal
states
We consider – as input states for the addition and sub-
traction – the class of displaced thermal states, which can
be given by some equivalent representations:
ρˆin =
∫
d2α
e−|α−α0|
2/n¯
pin¯
|α〉〈α|
=
1
n¯+ 1
Dˆ(α0)
[ ∞∑
n=0
(
n¯
n¯+ 1
)n
|n〉〈n|
]
Dˆ(α0)
†
=
1
n¯+ 1
:e−(aˆ−α0)
†(aˆ−α0)/(n¯+1):,
where α0 denotes the displacement, n¯ denotes the mean
thermal photon number (for zero displacement), and
Dˆ(α0) is the displacement operator. Note that n¯ → 0
yields the coherent state |α0〉〈α0|.
Following the multi-photon subtraction protocol, we
observe that the state |α〉 is mapped to(
N
k
) k∑
j=0
(
k
j
)
(−1)k−je−η(1− jN )r2|α|2 |tα〉〈tα|
=
(
N
k
)(
e−
ηr2|α|2
N
)N−k (
1− e− ηr
2|α|2
N
)k
|tα〉〈tα|
Hence, we obtain for the displaced thermal state the out-
put state of a k click subtraction as
ρˆk,out =
∫
d2α
[
1
pit2n¯
(
N
k
)
e−
|α−tα0|2
t2n¯
(
e−
ηr2|α|2
t2N
)N−k
×
(
1− e− ηr
2|α|2
t2N
)k]
|α〉〈α|,
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including the substitution tα 7→ α. The probability for
obtaining this output state is
tr ρˆk,out =
(
N
k
) k∑
j=0
(
k
j
)
(−1)k−j 1
γj
e
−
(
1− 1γj
) |α0|2
n¯ ,
with γj =1 + ηr
2n¯
(
1− j
N
)
.
Let us now focus on the addition protocol. We con-
clude from Eq. (27) that the state |α〉 is mapped to(
N
k
) k∑
j=0
(
k
j
)
(−1)k−j 1
µ2
× :e− 1µ2 (aˆ−µα)†(aˆ−µα)e−η(1−
j
N )
ν2
µ2
aˆ†aˆ
:
=:
(
N
k
)(
e
− ην2
µ2N
aˆ†aˆ
)N−k (
1ˆ− e−
ην2
µ2N
aˆ†aˆ
)k
× 1
µ2
e
− 1
µ2
(aˆ−µα)†(aˆ−µα)
: .
Later on, we give the analytical P function for such a
normally ordered expression. Convolving this expression
with the displaced thermal input, we get
ρˆk,out =:
(
N
k
)(
e
− ην2
µ2N
aˆ†aˆ
)N−k (
1ˆ− e−
ην2
µ2N
aˆ†aˆ
)k
× 1
µ2(n¯+ 1)
e
− 1
µ2(n¯+1)
(aˆ−µα0)†(aˆ−µα0): .
The normalization is
tr ρˆk,out =
(
N
k
) k∑
j=0
(
k
j
)
(−1)k−j 1
γj
e
−
(
1− 1γj
) |α0|2
n¯+1 ,
with γj =1 + ην
2(n¯+ 1)
(
1− j
N
)
.
For the computation of the results, we used the follow-
ing simple relations: the relation between the normal or-
dered representation and the P function of thermal states
(0 < λ2 < 1),
:e−λ2aˆ
†aˆ+λ1aˆ†+λ∗1 aˆ:
=
∫
d2α
e−(λ2|α|
2−λ1α∗−λ∗1α+|λ1|2)/(1−λ2)
pi(1− λ2) |α〉〈α|,
the Gaussian integral formula (λ2 > 0),
∫
d2α e−λ2|α|
2+λ∗1α+λ1α
∗
=
pi
λ2
e|λ1|
2/λ2 ,
and – as a combination of the previous formulas – the
following trace (0 < λ2 < 1):
tr :e−λ2aˆ
†aˆ+λ1aˆ†+λ∗1 aˆ: =
e|λ1|
2/λ2
λ2
.
It is also useful to recall the displacement operation
Dˆ(λ1):e
−aˆ†aˆ:Dˆ(λ1)†=:e−(aˆ−λ1)
†(aˆ−λ2): and the represen-
tation :e−λ2aˆ
†aˆ:=
∑∞
m=0(1− λ2)m|m〉〈m|.
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